In statistical literature, several methods are available to generate a new probability distribution by introducing new parameter to any existing standard distribution. The quadratic rank transmutation map method is one of these and received considerable attention in the literature. Here, we also proposed a new probability distribution using this method when DUSE(θ)distribution is chosen as baseline distribution. The proposed distribution is called transmuted DUSE(θ)-distribution, which is seems to be more flexible as compared to the baseline distribution. Different statistical properties such as moments, quantile function, survival function, hazard function and order statistics have been derived. Also, the method of maximum likelihood and method of maximum product spacing are used to estimate the unknown parameters of the introduced probability distribution. Simulation study is being carried out to know the long-run behavior of the distribution. Finally, a real data set has been utilized to show the applicability of the proposed distribution.
I. INTRODUCTION
In statistical literature, a large number of distributions are available to analyze the characteristics of the lifetime data. The application of statistics particularly that of statistical modeling in our day to day life, is so vast that there is merely any field where statistics can't be used. To predict some future event with higher accuracy, the statistician must have to care regarding selection of model, which may achieve in term of flexibility and or parsimony of the selected models.
In survival analysis, a number of models are available in literature to study the characteristics associated with the lifetime data. Initially, exponential distribution was extensively used due to its memory less property and analytical tractability. Although the use of one-parameter exponential distribution has been restricted due to its constant failure rate and seems to be inappropriate in real-life situations where associated hazard rate is not constant. To accommodate the situation of non-constant hazard rate, researchers attempted, again and again, to develop new lifetime distributions so that these become more flexible to analyze such type of failure rate behavior. In this context, gamma and Weibull distribution have been introduced and found more suitable for the data having monotone hazard rate, e.g. See (Mudholkar et al. (1993) , Gupta et al. (1998 ), Nadarajh et al.(2011 , unimodal and bathtub shape of hazard rate of TGIED discussed by Okorie, I. E., & Akpanta, A. C. (2019) . But, both of these models are applicable only for monotone failure rate and found less advantageous for those real life data which shows the behavior of non-monotone failure rate. In order to get much flexible distribution, several generalization techniques has been introduced. To incorporate such flexibility in the model, several generalizations or a new class of distributions based on specified baseline distributions have been proposed in the literature. Recently, Kumar et al. (2015) , advocated to transform any available baseline distribution, so that the new distribution thus obtained is parsimonious in parameters as the transformation do not incorporate any additional parameter, rather it adds flexibility in terms of wide variety of hazard rate function. They have introduced DUS transformation to obtain a new distribution.
If be the cdf of a baseline distribution, then DUS transformation that provides cdf of a new distribution, say as given below: … (1) Shaw and Buckley (2007) Kumar et al. (2015) . The pdf and cdf of -distribution are respectively, given by,
Where, is the scale parameter. Now, using (2) and -distribution having cdf as baseline distribution, the cdf of the new distribution is given by, ). 5) and the pdf corresponding to it, is given by,
Several authors have used QRTM to get new lifetime distribution and new distribution, thus obtained is flexible in terms of applicability and different shapes of hazard rate function. For detailed discussions readers may refers to Ashour and Eltehiwi (2013) , Merovci et al. (2013) , Ibrahim Elbatal (2013) and Okorie, I. E. and Akpanta, A. C. (2019) etc. For frequently used purpose, we will call new distribution having pdf (5) as Transmuted distribution with parameter and will be abbreviated as TD E ( )-distribution. The rest of the paper is organized as follows; some of the statistical properties have been discussed in section (2). Method of Estimation has been used in section (4), real data illustration; simulation study and conclusions are carried out in sections (5), (6) and (7) respectively.
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: Plots of pdf for various choice of parameters and .
II. STATISTICAL PROPERTIES
Some important statistical properties of TD E ( )-distribution such as survival function (SF), hazard rate (HR) function, reverse-hazard rate (RHR) function, Central Moments, mean, median, mode, variance, sample generation, skewness and kurtosis have been discussed in this section.
A. Survival Function
The survival function is a function that gives the probability that a patient, device, or other object of interest will survive beyond any given specified time (or age). The survival function beyond a certain point of time say , is denoted by and is obtained as follows, = .
/ ... (7) The plots of survival function S(x) for different pair of values of are shown in Figure ( 2). 
B. Hazard Rate Function
The hazard rate function h(x), which is obtained as the limit of the rate at which failure occurs in a certain time interval when Δx →0, is obtained for TD E ( , )distribution, as follows, 
D. Moments
On the basis of the moments, we identify the form and nature of the distribution. With the help of Moments, we obtain the bulginess, flatness and peakedness of the concerned distribution.
The r th moment about origin viz. for TD E ( ) -distribution is obtained as follows,
Now, on putting , we get
And the variance is-=
After evaluating these we can obtain the value of
Finally, | | < 1 and > 0 distribution will be positively skewed & leptokurtic and platykurtic at = 0:5, = 3.5.
E. Coefficient of Variation
The coefficient of variation (C.V.) is the measure of relative variability and is the ratio of standard deviation to mean of the considered distribution. So, using equation (10) and (11) the required expression of coefficient of variation for the TD E ( , )distribution is given by-= 
F. Sample Generation
Inverse cdf method is one of the popular methods for sample generation of any distribution. So, the random sample for TD E ( )-distribution can be generated by using inverse cdf transformation method is as follows.
Generate random deviates (U) from uniform distribution.
Equate G(x) = U ⇒ x = (U); where U itself follow the uniform distribution over 0 and 1.
The quantile function of the order of TD E ( )-distribution is the solution of the equation.
For any distribution median is the value which divides total probability area into two equal parts. So, the median is the solution of the following = … (19)
Hence, on putting in above equation (18), we obtain the value of median for TD E ( ) distribution is given by
I. Shapes
One can observe the nature of any lifetime distribution by knowing shapes of its hazard rate function and pdf. Figures (1) and (3) shows the plots of pdf and hazard rate function for different values of its parameter . Moreover, according to the results of Glaser (1980), we can also determine the nature of hazard rate function using some simple mathematics as discussed below:
On differentiating above w. r. t we get So, = .
/ + -Again on differentiating w. r. t. , we get
For all values of and , we get the non-monotone failure rate pattern.
J. Mode
For any distribution mode is the value which have maximum probability area. So mode for TD E ( )-distribution is the value for which is maximum. i.e. mode is the solution of = 0 for which < 0. Here,
It is obvious that > 0, is a decreasing function of and hence is the mode of this distribution, and < 0 mode will be at greater than 0.5 .
III. ORDER STATISTICS
In life testing and reliability analysis order statistics play vital role and have wide no. of applications. The importance of order statistics is arises in the theory of reliability. Let ; ;; :::;
;be the random sample from the TD E ( )-distribution with probability density function and cumulative distribution function shown in equation (6) ;; :::; be the order statistics taken from the considered random sample. In reliability studies shows the lifetime of an out of systems which consists of independently and identically n components in the system. The pdf of order statistics is given by- We know that the probability density function of sample range is given below
IV. PARAMETER ESTIMATION
In this section, we consider two methods of estimation of parameter to estimate the unknown parameters namely maximum likelihood estimation method and maximum product spacing.
A. Maximum Likelihood Estimation
In this section, we discuss the method transformed by C.F.Gauss and methodology given by Prof. R.A. Fisher called as maximum likelihood estimators (MLE's) and draw the valid inferences about the TD E ( )-distribution. Let … be the random sample from the population with pdf ; then the likelihood function is denoted by and the value of parameter which maximizes will be MLE's and the procedure is as follows -=∏
Now, on differentiating partially w.r.t. parameters respectively, we get
These equations cannot be solved analytically. So, we use the function via R-software to obtain the solution.
B. Maximum Product Spacing method of Estimation
In this section, we introduce the step by step procedure for obtaining the spacing. This method was initiated by Cheng and Amin (2011) The equation (28) and (29) can't be solved analytically for and . So, we have used some iterative method to solve them numerically.
V. REAL DATA ILLUSTRATION
In this section, a real data of the remission times of 128 bladder cancer patients has been taken from Lee and Wang (2013) . To trace the failure rate pattern of the introduced model, total time on test (TTT) plot has been plotted and identified that the considered data set exhibits the pattern of upside down bathtub shape hazard rate function (see, Figure 5 ). Recently, Kumar et al. (2015) have considered the same dataset and showed that DUS E ( )-distribution fits better as compared to TIWD, TIED, TIRD and IWD distributions, in terms of AIC, BIC and K-S test statistic. The proposed distribution is compared with above mentioned distributions in terms of AIC, BIC, log-likelihood and K-S test statistic. We computed the values of MLEs of the parameters and of TD E ( )distribution having pdf (3) for the above dataset and found them as 0.09239901 and 0.71136328 respectively, in order to calculate the values of the above criterion. The values of AIC, BIC, loglikelihood and K-S test statistic are extracted from Kumar et al. (2015) . The values have been shown in comparative Table 2 . From this table, it is obtained that the values of the considered criterion are least for TD E ( )-distribution as compared to those of TIWD, IWD, TIED, TIRD and DUS E ( )-distribution and hence we can say that our proposed distribution fits better as compared to the other considered distributions in terms of AIC, BIC, log-likelihood and K-S test statistic value. 
VI. SIMULATION STUDY
In this section, the simulation study is carried out to know the performance of the considered estimators in terms of their MSEs with varying sample sizes. For this purpose, we have arbitrarily chosen = 0.5, =1.0, 1.5, 2.0, 2.5 and n=10, 15, 20, 30, 50. We have calculated MLEs and MPSEs of and and repeating this process 10,000 times to obtain MSEs of MLES and MPSEs of and . The MSEs are reported in Tables 3-6. The MSE of the estimator ̂ of the parameter based on 10,000 simulated samples is calculated by the following formula
Where, ̂ is the value of ̂ for the simulated sample. It is found that the MSEs decreases as sample size increases for MLE but in case of MPS, no definite trend is found. By invariance property of MLE & MPS, we have obtained the MLEs and MPSEs and consequently their MSEs for survival function , hazard function , mean time to failure (MTTF) & median time to failure at fixed values , by putting the estimates in (7), (8), (10) & (19) respectively. We have also found that the MLEs and MPSEs of and is least as compared to those of MLEs and MPSEs of and for and reverse trend is noted for . While, in the case of estimators of survival function, hazard function, MTTF, & median time to failure, no definite trend of MSEs of their estimators is noted. 
CONCLUSION
In the present piece of work, we have proposed a new lifetime distribution and called it as -distribution. The proposed distribution is more useful to analyze the real life data with nonmonotone failure rate. We derived its different statistical properties such as moments, survival function, hazard function, quantile function, and order statistics etc. It has been shown that the -distribution provide better fit as compared to the baseline distribution and to some other distributions which are and distribution. Thus, we may conclude that our proposed -distribution is more flexible and can be considered as a suitable model for a large variety of lifetime data, and particularly it is more useful to analyze the real data having non-monotone failure rate.
